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matrix A is a fact that, to a known extent, is random and depends on the elastic moduli £;;;, the
choice of one of the eigenvalues A\, of the matrix Eiszs and the number n of half-waves in the
thickness of the plate.

REFERENCES

1. POZDNYAKOV P. G., (Ed.), Handbook of Quartz Resonators, Svyaz, Moscow, 1978.

2. ZELENKA M., Piezoelectric Resonators and Volume and Surface Acoustic Waves. Materials, Technology, Construction
and Applications. Mir, Moscow, 1990.

3. TIERSTEN H. F., Analysis of trapped energy resonators operating in overtones of coupled thickness shear and thickness
twist. Acoust. Soc. Amer. 59, 879888, 1976.

4. SLAVOV 8. H., Modes of vibration, motion induction and resonance interval circular convex AT-cut belled design
trapped energy quartz resonators. Appl. Phys. A40, 59-65, 1986.

5. KAPLUNOV Yu. D., High-frequency stress-strain states of small variability in thin elastic shells. Izv. Akad. Nauk SSSR.
MTT, No. §, 147-157, 1990.

6. NOWACKI V., Theory of Elasticity. Mir, Moscow, 1975,

7. MASLOV V. P., The Complex WKB Method in Nonlinear Equations. Nauka, Moscow, 1977,

8. TOVSTIK P. E., The problem of the local loss of stability of shells. Vesmik LGU 13, 72-78, 1982.

Transiated by R.C.G.

J. Appl. Maths Mechs Vol. 56, No. 3, pp. 395-402, 1992 0021-8928/92 $15.00 + .00
Printed in Great Britain. © 1992 Pergamon Press Ltd

HEAT TRANSFER THROUGH A RIGID DISC PRESSED INTO
AN ELASTIC HALF-SPACEfY

V. P. Levitskit and V. M. ONYSHKEVICH
L'vov

(Received 22 August 1991)

The axisymmetrical contact problem of the indentation of a rigid disc, modelled by a cylindrical punch, into
an elastic half-space is considered. The upper end of the cylinder is subjected to convective heating or
cooling and the thermal contact between the punch and the half-space is non-ideal. Outside the region of
contact heat exchange occurs with the external medium in accordance with Newton's law. The solution of
the thermo-elasticity problem for the half-space is constructed using the Hankel transformation, and the
problem of heat conduction for a cylinder is solved by the method of straight lines. The existence of zones
where the half-space becomes detached from the punch is established. The temperature fields, heat fluxes
and contact stresses in the interacting bodies are found.

1. FORMULATION OF THE PROBLEM

WHEN solving contact problems of thermo-elasticity it is of interest to investigate the phenomenon
in which a punch becomes separated from the base [1-3]. However, in these and other
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investigations, the heat-conduction equation is not solved for the punch, i.e. the temperature of the
base of the punch or the heat flux is specified. Below we propose a method of solving the
axisymmetrical contact problems of thermo-elasticity when there is incomplete contact between the
interacting bodies, taking into account the solution of the heat-conduction problem for a rigid
cylindrical punch. Qutside the punch we assume that convective heat transfer occurs with the
external medium. There is non-ideal thermal contact between the punch and the base.

A rigid cylindrical disc of radius a and height H is pressed with a force P into an elastic half-space
(Fig. 1). The upper end of the cylinder is subjected to convective heating or cooling with a
heat-transfer coefficient y,. Heat exchange occurs between the side surfaces and the external
medium in accordance with Newton’s law with a heat-transfer coefficient of vy,. Convective heat
exchange occurs with the external medium through the unloaded surface of the half-space with a
heat-transfer coefficient y,,.

To solve this problem we need to integrate the following equations:
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with the temperature boundary conditions
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and the force boundary conditions
:=H: u,=f(r), 0<r<a; 0,=0, r=a; 1,.,=0, r<e (1.5)

where v is Poisson’s ratio, A and p are the Lamé coefficients, a is the temperature coefficient of
linear expansion, i = 1 relates to the cylindrical punch and i = 2 relates to the half-space, vo, Ya, Yn
are the heat-transfer coefficients between the upper end of the cylinder, the side surfaces of the
cylinder, the unloaded surface of the half-space on one side and the external medium on the other,
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respectively, . is the temperature of the external medium, 4! is the thermal resistance of the
contact, AN, A® are the thermal conductivities of the cylinder and the half-space, and f(r) is the
specified value of the deposition of the punch.

2. SOLUTION OF THE PROBLEM FOR THE PUNCH

Using the finite-difference approximation of the heat-conduction equations (1.2) for a cylinder
and the boundary conditions (1.3) in the dimensionless radial coordinate p = r/a, the solution of the
problem for a cylinder can be constructed by the method of straight lines [4] in the region

G={0<p<1, O<t<1), t=1/M

As a result we obtain the following system of linear differential equations:

dv/d{=Bv (2.1
Here
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where 0 is the zero and I is the unit N X N matrix Ap = p,—~p;_;,i = 1, ..., N and N is the number of
points of subdivision.
The solution of (2.1) can be constructed using the matrix exponential function [5]

v(§)=exp(Bt)-d

where d is an arbitrary constant vector, found from the boundary conditions (1.3) for each straight
line. To calculate the matrix exponential function we use the formula [5]

t(§) =exp(BL) = [exp(B(§-2-7)) ¥

where g = {-277 is chosen in such a way as to ensure that the calculations are stable.

3. SOLUTION OF THE PROBLEM FOR THE HALF-SPACE

Applying the integral Hankel transformation with respect to the coordinate p to Eqgs (1.1) and
(1.2) and the boundary conditions (1.4) and (1.5), the solution of the axisymmetrical equations of
thermo-elasticity for an elastic half-space in the Hankel transforms can be represented in the form
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where B(£), C, (&), C,(£) are unknown functions.
By satisfying the last condition of (1.5) and using the relation obtained
k A
( == S N—

the required functions on the area of contact can be represented as follows:

#:fee=0,8C,(E) +0,57'B(E), 0.]¢=1=0,8C,(E) +0:B(E)
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4, SATISFACTION OF THE BOUNDARY CONDITIONS FOR £=1

Using the formula for the inversion of the integral Hankel transform and by satisfying the first two
force boundary conditions (1.5) we obtain

I ad, _
§n(grmciom + S m) Jompdn = o @) p <t .1
[i]
1 °‘;’
-3 1) + 0,0 () ) Jo(p)dn=0, p>1 4.2)
a Y .
where n = £a, while the thermal boundary conditions (1.4) lead to the relations
}‘ﬂ) at(l) )‘(2) . P
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By representing the contact stresses in the form of a series
N

0.(0) = Y anlo(hup)

n=1

and introducing the unknown function
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N=-1
X0 =by+ Y balo(hap)
n=j}
into relations (4.2) and (4.5), using the formula for the inversion of the integral Hankel transform
and evaluating certain integrals [6], we obtain relations for C,(n) and C; (m), the substitution of
which into (4.1), (4.3) and (4.4) leads to the following equations:
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where A\, are the zeros of the Bessel function

Jo(’»k) =0. (k=1, ey N) (49)

5. REDUCTION OF THE SOLUTION OF THE PROBLEM TO A SYSTEM OF ALGEBRAIC
EQUATIONS

By satisfying relations (4.6)—(4.8) and the boundary conditions (1.3) at a number of equidistant

points
pi=(i—1)/(N-1), (i=1....,N)

we obtain a system of 4N linear algebraic equations for finding the unknown coefficients q;, b;, d;,

i=1,...,N;j=1,...,2N), in terms of which we find the required functions

2N
0 (o 0) = 3t 5 (0 d; (5.1)
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where

R (T =

Computations were carried out for the case when the material of the cylinder was steel A =22 W/(m K)},
and the material of the half-space was aluminium \® =209 W/m K)], yo=7v,=v» =10 m™, £, = 473 K,
h=10*W/(m*K),a=22.9x10 K, a=1m, H=03m, f=10"*mand N = 19.

We obtained the distribution of the contact stresses (Fig. 2). The change in the sign of o in the section [0, a]
confirms the existence of zones in which the half-space becomes detached from the cylindrical punch.
Consequently, contact between the bodies occurs in the section [0, py], where py<1, and hence the first two
conditions of contact (1.4) and the first condition of (1.5) must relate only to p<Xpo, while the second condition
of (1.5) relates to p>po. In the section pp<p<1 between the lower end of the cylinder and the external
medium convective heat transfer occurs in accordance with Newton’s law

t=1: 9t )3T =—Hyut", pe<p<t (5.2)

where v, is the heat-transfer coefficient between the unloaded surface at the lower end of the cylinder and the
external medium.

Satisfaction of the changed boundary conditions leads to the need to solve a new system of 4(N —1I) linear
algebraic equations for determining the unknown coefficients. The value of the parameter / is obtained by
successive change in the number of points of subdivision in which a change in the sign of the stresses o,
occurred, i.e. the half-space becomes detached from the punch.
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The final contact stresses are shown in Fig. 3 for a force P, which was found from the condition of equilibrium
of the punch N—1

P=2#Po’ Zan’mll {An)
fA=cy
The temperature and heat fluxes in the contacting bodies and the vertical displacements of the elastic
haif-space are found from relations (5.1). In Fig. 4 we show, for example, the temperature of the cylinder.
Curves 1, 2 and 3 correspond to values of z=0,z=0.25m and z=0.3m.

6. CONCLUSIONS

1. The thermal conductivity of the contact / has a considerable effect on the size of the contact
zone. It decreases as f increases. [In Fig. 5 region 1 corresponds to # = 10* W/(m? K) while region 2
corresponds to 2 = 10° W/(m? K)}.

2. The heat-transfer coefficient of the upper end of the cylinder with the external medium also has
a considerable effect on the size of the contact zone. (In Fig. 6, region 1 corresponds to yo = 10 m™!
while region 2 corresponds to yp = Sm™'.)

3. For a given force P a version of contact py— 0 is possible (the left boundary of regions 1 and 2 in
Figs 5 and 6). No solution of the contact problem exists to the left of the hatched region.
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The general case of the problem of the thermo-elasticity of non-uniform plates is considered. A formal
asymptotic expansion is constructed and the limiting problem (when the thickness of the plate approaches
zero) is obtained. The limiting problem in the general case turns out to be different from the classical one, in
particular, it contains five unknown functions, and the defining equations contain not only the temperature
but also its derivatives (although the material of the plate is assumed to obey the Duhamel-Neumann law).
These effects do not occur in uniform plates of constant thickness. This is obviously the reason why the
effects stated below have not been mentioned previously, as far as we know.

A GENERAL scheme of the asymptotic method for passage from a three-dimensional problem of the
theory of elasticity in a thin region (thickness ¢<<1) to a problem in the theory of plates was
previously proposed in [1]. A case which leads to the classical equations of thermo-elastic plates was
considered in [2] (it turns out that it corresponds to the case when the coefficients of thermal
expansion of the material of the plate are of the order of ).

1. FORMULATION OF THE PROBLEM

Suppose a three-dimensional linearly elastic body occupying the region Q. of characteristic
thickness € <1 is obtained by repetition of an element P, (the periodicity cells, PC) in the x; x; plane
(Fig. 1). The condition ¢ <1 is formalized in the form e—0.

The equations of equilibrium of this body have the form [3]

Soi,vi,,dz+ Sfadz -0 (1.1)
Q. Qe
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